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On a Gopakumar-Vafa form of partition function of
Chern-Simons theory on classical and exceptional lines
R.L.Mkrtchyan
Yerevan Physics Institute, 2 Alikhanian Br. Str., 0036 Yerevan, Armenia
Abstract. We show that partition function of Chern-Simons theory on three-sphere
with classical and exceptional groups (actually on the whole corresponding lines in Vogel’s
plane) can be represented as ratio of respectively triple and double sine functions (last
function is essentially a modular quantum dilogarithm). The product representation of
sine functions gives Gopakumar-Vafa structure form of partition function, which in turn
gives a corresponding integer invariants of manifold after geometrical transition. In this
way we suggest to extend gauge/string duality to exceptional groups, although one still
have to resolve few problems. In both classical and exceptional cases an additional terms,
non-perturbative w.r.t. the string coupling constant, appear. The full universal partition
function of Chern-Simons theory on three-sphere is shown to be the ratio of quadruple
sine functions. We also briefly discuss the matrix model for exceptional line.
1. Introduction
In the present paper we continue investigation of integral representation of uni-
versal partition function of Chern-Simons theory on 3d sphere with an arbitrary
gauge group, derived in [1]. Partition function is universal in the sense that it de-
pends on gauge group through parameters on Vogel’s plane (two-dimensional pro-
jective plane, factorized over all permutations of its projective parameters α, β, γ),
at particular values of which given in Table 1 one get an answers for the corre-
sponding simple Lie algebras [2]. So, this representation not only gives partition
functions of Chern-Simons theory on 3d sphere with any simple Lie gauge group,
but also extend them to the whole Vogel’s plane of universal parameters. Such
an extension of SU(N) theory to arbitrary N is necessary for 1/N expansion [3]
and then for gauge/string duality. In present paper we shall use that extension to
construct an analog of 1/N for exceptional groups.
Table 1. Vogel’s parameters for simple Lie algebras
Algebra/Parameters α β γ t = α+ β + γ Line
SU(N) -2 2 N N α+ β = 0
SO(N), Sp(−N) -2 4 N − 4 N − 2 α+ 2β = 0
Exc(n) -2 n+ 4 2n+ 4 3n+ 6 α+ β + γ = 0
In Table 1 for SU(N) and SO(N) N is positive integer, for Sp(−N) N is
negative even integer, for exceptional line Exc(n) n = −1,−2/3, 0, 1, 2, 4, 8 for
1
2A2, G2, D4, F4, E6, E7, E8 respectively. Note also that N → −N transformation for
classical groups corresponds to transposition α↔ β.
Consider partition function of Chern-Simons theory on 3d sphere:
Z =
∫
DAexp
(
iκ
4pi
∫
S3
Tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
))
(1)
Here Tr means an arbitrarily normalized invariant bilinear form in simple Lie al-
gebra of compact gauge group. So, rescaling of bilinear form leads to rescaling of
κ (and α, β, γ).
This quantity is calculated by Witten in [4] and answer, with a natural choice
of framing, appears to be the S00 element of modular transformations matrix S. It
is transformed in [1] into:
− lnZ = (dim/2) ln(δ/t) +
∫
∞
0
dx
x
f(x/δ)− f(x/t)
(ex − 1)(2)
with
f(x) =
sinh(xα−2t4 )
sinh(xα4 )
sinh(xβ−2t4 )
sinh(xβ4 )
sinh(xγ−2t4 )
sinh(xγ4 )
(3)
dim =
(α− 2t)(β − 2t)(γ − 2t)
αβγ
(4)
δ = κ+ t(5)
t = α+ β + γ(6)
Here Vogel’s parameters α, β, γ together with κ combine into a set of four pro-
jective parameters, characterizing simple Lie algebra and level k of corresponding
affine untwisted Kac-Moody algebra, κ serving as a coupling of Chern-Simons the-
ory. Their correspondence with simple Lie algebras is given in Table 1 in the so
called minimal normalization characterized by the square of long root being equal
to 2. Then t becomes dual Coxeter number and κ becomes integer level k. Func-
tion f(x) (”universal character of adjoint representation”), derived in this universal
form in [5], is the character of adjoint representation on the line xρ, where ρ is the
Weyl vector in roots space, x an arbitrary parameter. δ = κ+ t is (in an arbitrary
normalization) usual effective coupling constant equal to the sum of bar coupling κ
and half of eigenvalue 2t [2] of second Casimir operator in adjoint representation.
Besides partition function, there are some other universal quantities in Chern-
Simons theory, see [5], e.g. central charge
c = k
dim
k + h∨
=
κ(α− 2t)(β − 2t)(γ − 2t)
αβγ(κ+ α+ β + γ)
=(7)
(δ − t)(α− 2t)(β − 2t)(γ − 2t)
αβγδ
.(8)
unknot Wilson loop in adjoint representation, etc.
In paper [1] we noticed that if it was possible to extend an integration range in
the integral representation (2), specialized to SU(N) group, to entire real axis, one
can immediately obtain a Gopakumar-Vafa (GV) form [6] of corresponding dual
topological string plus additional terms non-perturbative w.r.t. the string coupling
3constant. In present paper we present the correct way for such an extension. Partic-
ularly, starting from representation of SU(N) partition function in terms of triple
and double Barnes’ gamma functions, derived in [7], we show that it can be ex-
pressed in terms of triple sine functions (see [8, 9, 10, 11] for definitions of multiple
sine and related functions), by simple formula:
Z =
√
d√
N
S3(2N + 2|2, 2, 2d)
S3(2|2, 2, 2d)(9)
d = k +N
Next, triple sine function has the product representation, immediately giving GV
representation, plus terms non-perturbative w.r.t. the string coupling constant, see
Section 3.
We extend this approach to SO/Sp groups in Sections 4, 5, 6 and obtain similar
representation, which now includes double sine function (i.e. modular quantum
dilogarithm function, up to second order polynomial). Particularly, SO(N) parti-
tion function is
Z =
√
S3(2N |2, 2, 2d)
S3(2|2, 2, 2d)
√
S2(2N |4, 2d)
S2(N |2, 2d) 2
−
3
4 ,(10)
d = k +N − 2
and Sp(N) partition function is
Z =
√
S3(2N + 4|2, 2, 4d)
S3(2|2, 2, 4d)
S2(N + 2|2, 4d)√
S2(2N + 4|4, 4d)
2−
1
4(11)
d = k +N/2 + 1
Both formulae lead to GV structure form for partition function of topological
strings on orientifolds with non-orientable world sheets included, with odd multi-
coverings, as obtained in [12] and [13, 14].
Note the relation between partition functions for classical groups (cf. [38]) in
evident notations:
Z(SO(N + 1), d)Z(Sp(N − 1), d
2
) =
√
N
2
√
d
Z(SU(N), d)(12)
It is an interesting problem to extend the gauge/string duality and geometrical
transition to Chern-Simons theory with exceptional groups. Among the aims of
present paper is to find a GV type representation for partition function of Chern-
Simons theory with exceptional groups, and hence GV integer invariants for cor-
responding, after geometric transition, manifold. This can be considered as the
reasonable step towards establishing a full duality between corresponding theories.
Idea is the following. There is an interesting feature of Vogel’s results presented in
Table 1 that all exceptional groups belong to the same line in Vogel’s plane, namely
the line γ = 2(α+β). We shall call it an exceptional line, or Exc line, [17]. This is
the same feature as for classical groups: SU(N) groups occupy the line α+ β = 0,
SU(N) group corresponds to point α = −2, β = 2, γ = N , SO/Sp groups occupy
the line 2α+β = 0, SO(N) group corresponds to α = −2, β = 4, γ = N −4, Sp(N)
4corresponds to α = −2, β = 1, γ = N/2 + 2. Existence of Exc line led Deligne
[15, 16] to a hypotheses that they form a series of Lie algebras, which, roughly
formulated, means that they behave uniformly with respect to the decomposition
of tensor powers of adjoint representation. In domain of overlapping results of
[15, 16] coincide with universal formulae restricted to exceptional line, e.g. some
dimensions of irreps in powers of adjoint representation coincide with restriction of
universal dimension formulae of Landsberg and Manivel [17] on exceptional line.
Having in mind an analogy with classical groups, we consider partition function
on exceptional line and obtain in Section 8 expression for partition function in terms
of double sine functions, which leads in the same way to GV type representation.
The peculiarity is that we get a sum of two GV representation, i.e. partition
function is a product of those of two topological strings, on manifolds with opposite
GV integers. One have to identify geometrically the corresponding Calaby-Yau
manifolds, and also some details of representation (such as an even multicoverings)
still have to be explained. The answer for Chern-Simons on 3d sphere on exceptional
line shows remarkable similarity with classical cases:
Z =
1
4pi sin piN2d
√
2
N + 2
6∏
p=1
(
S2(pN |N + 2, 2d)
S2(pN |2, 2d)
)cp
(13)
d = k + 3N(14)
where N = n + 2, n from Table 1, cp = 1, 2, 2, 2, 1, 1 for p = 1, 2, 3, 4, 5, 6, respec-
tively. Integers cp appear to be GV integer invariants.
Of course, an analogy with ’t Hooft’s 1/N expansion for SU(N) groups is not
complete. ’t Hooft extended the values of each SU(N) group weight of Feynman
digram from integers to an arbitrary N and provide a topological interpretation of
each term in 1/N expansion of given diagram. For exceptional line both steps are
problematic.
First step was attempted by Vogel [2] and Kneissler [18] (see also Cvitanovich
[19, 20]) for all simple groups simultaneously. Their motivation was coming from
knot theory, but problem they addressed can be formulated directly in terms of field
theory diagrams. Namely, consider group weights of vacuum Feynman diagrams
of gauge theory without matter. Their vertexes are three-leg, antisymmetric, and
set of these diagrams satisfies Jacoby identities, which in this case in knot theory
is called IHX relations. Vogel [2] introduced the operation of multiplication of
diagrams which turns this set of diagrams (actually Vogel considered diagrams with
three external legs, but it is almost the same as vacuum diagrams’ algebra, see [21])
into an algebra, called Λ algebra, and conjecture the set of generators of algebra
Λ. Kneissler studied the consequences of Jacoby relations and under an additional
conjecture showed that Λ algebra has a character function and is equivalent to
subalgebra of polynomial algebra over three variables. In this way, due to the
existence of character function, one would obtain the most general value of each
vacuum Feynman diagrams in terms of these three variables. However, Vogel [2]
found an additional relation, which violates abovementioned conjecture, and shows
that it leads to his main statement that not all Vasiliev’s finite invariants are coming
from Lie algebras’ weights. From the point of view of our needs this means that
there is no natural universal value, i.e. the function of universal parameters, for a
given vacuum Feynman diagrams (of sufficiently high order - starting from order
5of Vogel’s additional constraint). Situation is even more complicated since, first,
Vogel’s conjecture on generators of algebra Λ still remains a conjecture and, second,
some additional constraints are possible [22, 2].
It is also worth to mention Deligne’s hypothesys [23] on universal characters,
which can potentially provide an alternative way for extension of group weights to
entire Vogel’s plane. P. Deligne [23] suggested that universal characters satisfy usual
character relations for decomposition of product of representations at all values of
universal parameters. This is a natural extension of his earlier idea of series of Lie
algebras [15, 16]. One can try to turn things round and suggest this feature as
definition of extension of characters to entire Vogel space.
From the other side, we actually have a number of universal quantities in gauge
theories, as well as in the theory of Lie algebras. They can appear in different
way, for example, imagine that some quantity is determined by an equation with
parameters completely calculable by low order diagrams. This happen, e.g. for
eigenvalues of higher Casimirs on adjoint representation, universally calculated in
[24]. In that cases we get a unique universal answer for that quantity.
For a Chern-Simons theory on 3d sphere we have an explicit universal expression
for partition function in terms of universal character (3) so restricting it on excep-
tional line one may consider an analog of 1/N expansion with some appropriate
choice of parameter N on exceptional line. This solve the problem of expressing
partition function, (but not separate Feynman diagrams) in terms of some con-
tinuous parameter on exceptional line, analog of N . The next, most challenging
problem of topological interpretation, seems to be much more difficult. However,
the GV form of partition function provides a solution, since in that form it is in-
terpreted as partition function of topological strings on a manifold with given GV
integer invariants.
Altogether, in this way we suggest to extend the gauge/string duality for excep-
tional line. Few problems still remain to be resolved (see Section 9) - interpretation
of all terms in representation obtained, appearance of even multicoverings, identi-
fication of Calaby-Yau manifolds with given GV invariants. Actual computations
have been carried on for a family of lines γ = k(α + β) with integer k. It ap-
pears that cases k = 1, 2 are distinguished by some cancellations, which allow us
to express partition function in terms of Barnes’ double gamma functions, further
combined into double sine function. The k = 2 line is exceptional Exc line. Line
with k = 1 is an F-line from [25], containing groups E6, SO(10) at points (-2,6,8), (-
2,4,6) respectively. Comparison of answers for k = 1 and k = 2 hints on a ”building
blocks” they are both constructed from, see Sections 8, 9.
In Section 10 we show that full universal partition function of Chern-Simons
theory, at an arbitrary point in Vogel’s plane, can be represented as a ratio of
quadruple sine functions, which leads to some generalization of GV representation,
rising the question whether it corresponds to some ”universal” topological string
theory.
In Conclusion we briefly discuss matrix model for exceptional line.
2. Partition function of SU(N) Chern-Simons theory as a ratio of
triple sine functions
We shall use an expression [7] of partition function of SU(N) theory in terms of
Barnes’ multiple gamma functions.
6Barnes’ multiple zeta-function [26]:
ζN (w, s|a1, a2, ..., aN ) =
∞∑
n1,...,nN=0
1
(w + a1n1 + a2n2 + ...+ aNnN )s
(15)
is defined particularly at ℜw > 0,ℜs > N and positive parameters ai.
Then Barnes’s multiple gamma-functions ΓN (w) = ΓN (w|a1, a2, ..., aN ) depend-
ing on argument w and parameters a1, a2, ..., aN are defined in similarity with def-
inition of Euler’s gamma-function in terms of Riemann’s zeta-function:
ln ΓN (w) = ΨN(w) = ΨN (w|a1, a2, ..., aN ) =(16)
∂ζN (w, s|a1, a2, ..., aN )|s=0(17)
This definition follows that of [27] and differs from original Barnes’ one [26] by
some modular ”constant”, depending on parameters. It is more convenient for our
purposes.
Integral representation [27] of logarithm of multiple gamma function is:
ΨN(w) =
∫
∞
0
dx
x

e−wx N∏
j=1
1
(1− e−ajx)(18)
−x−N
N−1∑
n=0
(−x)n
n!
BN,n(w) − (−1)
N
N !
e−xBN,N(w)
)
(19)
where multiple Bernoulli polynomials BN,n(w) are defined as:
xNe−wx
N∏
j=1
1
(1− e−ajx) =
∞∑
n=0
(−x)n
n!
BN,n(w)(20)
Both gamma function and multiple Bernoulli polynomials are implied to depend
on positive parameters aj . Integrals converge provided real part of w is positive.
We shall need a recurrent relations [26, 27] on Barnes’ multiple functions. These
relations have an origin just in definition (15): if w = w0 + ai,ℜw0 > 0, then sum
over ni is effectively starting from ni = 1, with zeta function argument being w0.
It remains to add and subtract contribution of ni = 0 to get a relation:
ζN (w0 + ai, s|a1, a2, ..., aN ) = ζN (w0, s|a1, a2, ..., aN )−(21)
ζN−1(w0, s|a1, ..., ai−1, ai+1..., aN )
This straightforwardly translates into recurrence relation on multiple gamma-
functions:
ΓN (w0 + ai|a1, a2, ..., aN ) =(22)
ΓN (w0|a1, a2, ..., aN )/ΓN−1(w0|a1, ..., ai−1, ai+1..., aN )(23)
Another way of deriving recurrent relations is based on integral representation
(18) and observation in [1] that if in the linear combination of logarithms of few
multiple gamma functions the main terms (i.e. the first terms in (18)) cancel, then
all other terms cancel, also, and we have a relation between corresponding multiple
7gamma functions. As an example (which we shall need later) one can consider
identity
1
2
1
(1− e−2x)2 +
1
2
1
1− e−4x =
1
(1− e−2x)(1 − e−4x)(24)
which leads to the identity between multiple gamma functions:
√
Γ2(2N |2, 2)Γ1(2N |4) = Γ2(2N |2, 4)(25)
Of course, this can be checked directly, also. Note also that [27]:
Γ1(w|a) = exp
((
w
a
− 1
2
)
ln a
)
Γ
(w
a
)
(2pi)−
1
2(26)
Particularly:
Γ1(x|x) =
√
x
2pi
(27)
Γ1(x|2x) =
√
1
2
(28)
By definition
Γ0(w) = 1/w(29)
Partition function of SU(N) Chern-Simons theory on 3d sphere has been ex-
pressed [7] in terms of Barnes’ triple and double functions:
Z =
Γ3(2(k +N) + 4)Γ3(2(k +N))Γ2(4|2, 2)
Γ3(2k + 2)Γ3(2N + 2)
1√
N
(30)
Parameters of triple gamma functions are (2, 2, 2(k +N)).
Let’s continue transformations (let k +N = d):
Z =
Γ3(2d+ 4)Γ3(2d)Γ2(4|2, 2)
Γ3(2k + 2)Γ3(2N + 2)
1√
N
=(31)
Γ3(4)Γ3(2d)
Γ3(2k + 2)Γ3(2N + 2)
1√
N
=(32)
Γ3(2)Γ3(2d+ 2)Γ2(2d|2, 2d)
Γ2(2, |2, 2d)Γ3(2k + 2)Γ3(2N + 2)
1√
N
=(33)
1√
N
Γ3(2)Γ3(2d+ 2)
Γ3(2k + 2)Γ3(2N + 2)
Γ2(2d+ 2|2, 2d)Γ1(2d|2d)
Γ2(2, |2, 2d) =(34)
1√
N
Γ3(2)Γ3(2d+ 2)
Γ3(2k + 2)Γ3(2N + 2)
Γ1(2d|2d)
Γ1(2, |2) =(35) √
d√
N
Γ3(2)Γ3(2d+ 2)
Γ3(2k + 2)Γ3(2N + 2)
=(36)
√
d√
N
S3(2k + 2)
S3(2)
=
√
d√
N
S3(2N + 2)
S3(2d+ 2)
(37)
Here we used definition of multiple sine functions:
8Sr(z|ω) = Γr(|ω| − z|ω)
(−1)r
Γr(z|ω)(38)
|ω| =
r∑
j=1
ωj(39)
Some simple properties of sine functions:
Sr(cz|cω) = Sr(z|ω)(40)
Sr(z + ωi|ω) = Sr(z|ω)Sr−1(z|ω−i )(41)
ω−i = (ω1, ..., ωi−1, ωi+1, ...ωr)(42)
Sr(z|ω)Sr(|ω| − z|ω)(−1)
r
= 1(43)
S1(z|ω) = 2 sin piz
ω
(44)
So, we express partition function as ratio of triple sine functions, up to elementary
functions’ multiplier. In next Section we use the product representation of S3.
3. Product form of triple sine and geometrical transition in SU(N)
Chern-Simons
According to [8, 28, 29] one can present multiple sine functions Sr, r ≥ 2, as an
exponent of integral over entire real line, bypassing singularity at zero either from
upside or downside:
Sr(z|ω) =(45)
exp
(
(−1)r pii
r!
Brr(z|ω) + (−1)r
∫
R+i0
dx
x
ezx∏r
k=1(e
ωix − 1)
)
=(46)
exp
(
(−1)r−1pii
r!
Brr(z|ω) + (−1)r
∫
R−i0
dx
x
ezx∏r
k=1(e
ωix − 1)
)
(47)
where Brr are generalized Bernoulli polynomials, for r = 3 it is:
B33(z|w1, w2, w3) = z
3
w1w2w3
− 3z
2(w1 + w2 + w3)
2w1w2w3
+(48)
z
w21 + w
2
2 + w
2
3 + 3w1w2 + 3w2w3 + 3w1w3
2w1w2w3
−(49)
(w1 + w2 + w3)(w1w2 + w2w3 + w1w3)
4w1w2w3
(50)
One can close the contour of integration in the first case above in upper, or
respectively in lower semiplane and obtain the value of integral in terms of the sum
of residues, which gives the product representation for multiple sine. To separate
GV contributions from others, we calculate residues at general values of N and d:
9ln (S3(2N + 2|2, 2, 2d)) =(51)
−pii
6
B33(2N + 2|2, 2, 2d) +
∞∑
n=1
eτn
n(2 sin gsn2 )
2
+N1(52)
ln (S3(2|2, 2, 2d)) = −pii
6
B33(2|2, 2, 2d) +
∞∑
n=1
1
n(2 sin gsn2 )
2
+N2(53)
gs =
2pi
d
, τ = iNgs(54)
where we explicitly wrote contributions coming from zeros of (e2dx − 1) in denom-
inators of both sine functions. The remaining terms are
N1 =
∞∑
n=1
i
e2inNpi
(
1− 2inNpi + e2idnpi(−1− 2idnpi + 2inNpi))
2pi (−1 + e2idnpi)2 n2
(55)
N2 =
∞∑
n=1
i
1 + e2idnpi(−1− 2idnpi)
2pi (−1 + e2idnpi)2 n2
(56)
They are non-perturbative w.r.t. the string coupling constant gs = 2pi/d and
have to be compared with known non-perturbative terms in e.g. [30]. We omit
them, as well as Bernoulli polynomials, which contribute into first few terms (up to
torus inclusively) over genus expansion, which are ambiguous. Remaining terms in
partition function of Chern-Simons theory with SU(N) gauge group on 3d sphere
are:
lnZ ∼=
∞∑
n=1
eτn
n(2 sin gsn2 )
2
−
∞∑
n=1
1
n(2 sin gsn2 )
2
(57)
where first term is desired Gopakumar-Vafa structure form of partition function
of topological string on resolved conifold [6, 31], and second one is contribution of
constant maps [32, 33, 34].
4. Partition function of SO(N) Chern-Simons theory
In this case we shall not start from general formulae with quadruple Barnes func-
tions, but transform the integrand of integral representation of partition function.
This is more powerful method, since provide the implicit use of more identities than
just a recurrent relations on Barnes functions. Let’s present partition function (2)
as product of two multipliers, perturbative one Z2 and non-perturbative Z1:
Z = Z1Z2(58)
− lnZ2 =
∫
∞
0
dx
x
f(x/δ)− dim
(ex − 1)(59)
− lnZ1 = (dim/2) ln(δ/t)−
∫
∞
0
dx
x
f(x/t)− dim
(ex − 1)(60)
The key identity is:
10
f(x) =
cosh[x(N − 1)]
4sinh
[
x
2
]2 − 1
4sinh
[
x
2
]2(61)
− sinh[x(N − 1)]
2sinh[x]
+
sinh
[
x(N−1)
2
]
sinh
[
x
2
](62)
This equation is another form of observation of [12], that perturbative part of free
energy of SO(N) is the sum of half of that for SU(N − 1) plus terms with odd
power of (N − 1). Indeed, the first line of r.h.s. of this equation is half of character
for SU(N − 1) group. The non-perturbative part, however is more complicated.
In analogy with SU(N) we can transform the expression for partition function
into a product of multiple gamma functions.
− lnZ2 =
∫
∞
0
dx
x
1
(edx − 1)
(
cosh[x(N − 1)]
4sinh
[
x
2
]2 − 1
4sinh
[
x
2
]2(63)
− sinh[x(N − 1)]
2sinh[x]
+
sinh
[
x(N−1)
2
]
sinh
[
x
2
] − (N − 1)N
2

(64)
We rescale integration variable x → 2x to avoid fractions and then rewrite this
as a product of multiple gamma functions. As explained in [7], if we have the
nonsingular at x = 0 sum of main terms (first terms in integral representation (18))
of (logarithms of) few multiple gamma functions, we can consider additional terms
in their integral representation (18) as existing ones, since actually they sum up to
zero. So e.g. expression above can be written as the sum of logarithms of gamma
functions, corresponding to their main terms, entering in expression above.
Z2 =
Γ3(2d+ 2|2, 2, 2d)
(Γ3(2d+ 2− 2(N − 1))Γ3(2d+ 2 + 2(N − 1)))
1
2
×(65)
(
Γ2(2d+ 2− 2(N − 1)|4, 2d)
Γ2(2d+ 2 + 2(N − 1)|4, 2d)
) 1
2 Γ2(2d+ 1 + (N − 1)|2, 2d)
Γ2(2d+ 1− (N − 1)|2, 2d) ×(66)
(Γ1(2d|2d))
N(N−1)
2(67)
Expression for Z1 can be obtained from that for Z2 by the fact that Z = 1 at
k = 0. But we can’t consider above terms at k = 0 separately, unlike to SU(N)
case. The reason is the following: first, we represent character for SO(N) as the
sum of terms, part of which coincide with those for SU(N − 1) (up to multiplier
1/2). Then contribution of volume becomes represented in the similar form, but
the point is that there x is divided by dual Coxeter number of SO(N), i.e. N − 2,
and not a dual Coxeter number of SU(N − 1), which is N − 1. Correspondingly
some integrals become divergent if considered separately. It is seen from e.g. the
multiplier Γ3(2d+2−2(N−1)) which at k = 0 get an argument 2d+2−2(N−1) =
2(k+N − 2)+4− 2N = 0. So we have to combine some divergent terms to achieve
singularities’ cancellation. Then we get for Z1:
11
f(x)−N(N − 1)/2
e2(N−2)x − 1 =
e−2x − e−2Nx
(1− e−4x) (1− e−2x) +(68)
−e4x−3Nx + e2x−Nx
(1− e−2x) (1− e2(2−N)x) − e
−2(−2+N)x(−1 +N)N
2
(
1− e−2(−2+N)x)(69)
Note the usual cancellation which decrease the multiplicity of gamma functions
in non-perturbative part of partition function. In this case we get double gamma
functions instead of triple ones in Z2. Final answer is:
Z1 =
Γ2(2, |2, 4)
Γ2(2N |2, 4)
Γ2(N − 2|2, 2N − 4)
Γ2(3N − 4|2, 2N − 4) ×(70) (
1
Γ1(2N − 4|2N − 4)
)N(N−1)
2
(
N − 2
d
)N(N−1)
4
(71)
Next we carry on few transformations, which result in the appearance of triple
and double sine functions and a lot of cancellations of uniple gamma functions.
First note that
Γ3(2d+ 2|2, 2, 2d) =
√
Γ3(2d+ 2)Γ3(2)
Γ2(2|2, 2) =
1√
S3(2|2, 2, 2d)Γ2(2|2, 2)
(72)
(Γ3(2d+ 2− 2(N − 1))Γ3(2d+ 2 + 2(N − 1)))
1
2 =(73)
=
1√
S3(2N |2, 2, 2d)Γ2(2N |2, 2)
(74)
Γ2(2d+ 2− 2(N − 1)|4, 2d)
Γ2(2d+ 2 + 2(N − 1)|4, 2d) = S2(2N |4, 2d)Γ1(2N |4)(75)
Γ2(2d+ 1 + (N − 1)|2, 2d)
Γ2(2d+ 1− (N − 1)|2, 2d) =
1
S2(N |2, 2d)Γ1(N |2)(76)
Altogether:
Z2 =
√
S3(2N |2, 2, 2d)Γ2(2N |2, 2)
S3(2|2, 2, 2d)Γ2(2|2, 2) ×(77) √
S2(2N |4, 2d)Γ1(2N |4)
S2(N |2, 2d)Γ1(N |2) (Γ1(2d|2d))
N(N−1)
2 =(78) √
S3(2N |2, 2, 2d)
S3(2|2, 2, 2d)
√
S2(2N |4, 2d)
S2(N |2, 2d) ×(79) √
Γ2(2N |2, 2)
Γ2(2|2, 2)
√
Γ1(2N |4)
Γ1(N |2)
(
d
pi
)N(N−1)
4
(80)
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Z1 =
Γ2(2, |2, 4)
Γ2(2N |2, 4)Γ1(N |2)Γ1(N − 2|2N − 4)×(81) (
1
Γ1(2N − 4|2N − 4)
)N(N−1)
2
(
N − 2
d
)N(N−1)
4
=(82)
Γ2(2, |2, 4)Γ1(N |2)
Γ2(2N |2, 4)
1√
2
(pi
d
)N(N−1)
4
(83)
Total partition function becomes
Z = Z1Z2 =(84) √
S3(2N |2, 2, 2d)
S3(2|2, 2, 2d)
√
S2(2N |4, 2d)
S2(N |2, 2d) ×(85) √
Γ2(2N |2, 2)Γ1(2N |4)
Γ2(2|2, 2)
Γ2(2, |2, 4)
Γ2(2N |2, 4)
1√
2
(86)
Now we use an identity 25:√
Γ2(2N |2, 2)Γ1(2N |4) = Γ2(2N |2, 4)(87)
and its particular case at N = 1. These identities applied to partition function
give final answer
Z =
√
S3(2N |2, 2, 2d)
S3(2|2, 2, 2d)
√
S2(2N |4, 2d)
S2(N |2, 2d) 2
−
3
4(88)
We see that the same phenomenon happens - all uniple gamma functions cancel
and only triple and double sine functions remain. So, the role of group volume
multiplier is to remove these uniple gamma functions from perturbative part. This
finally leads to beautiful expression above. Its product representation leads (below)
to Gopakumar - Vafa type expression, analogous to that of SU(N) case.
This final expression can be checked directly, at least at k = 0, as we did. One
has to restore some uniple gamma functions which were substituted by their values,
and check cancellation of the main terms of multiple gamma functions.
5. Partition function of Sp(N) Chern-Simons theory
For true symplectic groups Sp(N) N should be even (positive) integer. The dual
Coxeter number is then integer (N/2) + 1.
One can carry on calculations independently or use previous results for SO(N)
due to N → −N duality between SO(N) and Sp(N) characters. This duality is
realized by changing N → −N, k → −2k, d → −2d, x → −x. Last transformation
(of x) is implied in integrand f(x)/(exp(dx) − 1). Under this transformation an
integrand for SO(N) transforms into that of Sp(N). When some parameters of
gamma functions above become negative, for each of them one have to change it
sign, add modulus of that parameter to argument, and take an inverse of gamma
function. Then we have:
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Z2 =
Γ3(4d+ 2|2, 2, 4d)
(Γ3(4d− 2N)Γ3(4d+ 2N + 4))
1
2
×(89)
(
Γ2(4d+ 2N + 4|4, 4d)
Γ2(4d− 2N |4, 4d)
) 1
2 Γ2(4d−N |2, 4d)
Γ2(4d+N + 2|2, 4d) ×(90)
(Γ1(4d|4d))
N(N+1)
2(91)
Z2 =
√
S3(2N + 4|2, 2, 4d)Γ2(2N + 4|2, 2)
S3(2|2, 2, 4d)Γ2(2|2, 2) ×(92)
S2(N + 2|2, 4d)Γ1(N + 2|2)√
S2(2N + 4|4, 4d)Γ1(2N + 4|4)
(Γ1(4d|4d))
N(N−1)
2 =(93)
√
S3(2N + 4|2, 2, 4d)
S3(2|2, 2, 4d)
S2(N + 2|2, 4d)√
S2(2N + 4|4, 4d)
×(94)
√
Γ2(2N + 4|2, 2)
Γ2(2|2, 2)
Γ1(N + 2|2)√
Γ1(2N + 4|4)
(
2d
pi
)N(N+1)
4
(95)
Non-perturbative part is:
Z1 =
Γ2(4, |2, 4)
Γ2(2N + 6|2, 4)
Γ2(3N + 6|2, 2N + 4)
Γ2(N + 4|2, 2N + 4) ×(96) (
1
Γ1(2N + 4|2N + 4)
)N(N+1)
2
(
N
2 + 1
d
)N(N+1)
4
=(97)
Γ2(4, |2, 4)
Γ2(2N + 6|2, 4)
Γ1(N + 2|2N + 4)
Γ1(N + 2|2) =(98) (
1
Γ1(2N + 4|2N + 4)
)N(N+1)
2
(
N
2 + 1
d
)N(N+1)
4
=(99)
Γ2(4, |2, 4)
Γ2(2N + 6|2, 4)Γ1(N + 2|2)
( pi
2d
)N(N+1)
4 1√
2
(100)
Total partition function:
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Z = Z1Z2 =(101) √
S3(2N + 4|2, 2, 4d)
S3(2|2, 2, 4d)
S2(N + 2|2, 4d)√
S2(2N + 4|4, 4d)
×(102)
√
Γ2(2N + 4|2, 2)
Γ2(2|2, 2)
1√
Γ1(2N + 4|4)
(103)
Γ2(4, |2, 4)
Γ2(2N + 6|2, 4)
1√
2
=(104) √
S3(2N + 4|2, 2, 4d)
S3(2|2, 2, 4d)
S2(N + 2|2, 4d)√
S2(2N + 4|4, 4d)
2−
1
4(105)
For comparison we put here the SO(N) partition function from above:
Z =
√
S3(2N |2, 2, 2d)
S3(2|2, 2, 2d)
√
S2(2N |4, 2d)
S2(N |2, 2d) 2
−
3
4(106)
It is seen that one can be obtained from another by recipe described above. The
seeming difference in coefficients also comes from the same recipe: in SO case we
have a multiplier in partition function
Γ(2|2, 4)/
√
Γ2(2|2, 2)Γ1(2|4) = 1(107)
which transforms into
Γ2(4|2, 4)√
Γ2(2|2, 2)Γ1(2|4)
=
Γ2(2|2, 4)
(
√
Γ2(2|2, 2)Γ1(2|4)Γ1(2|4))
=
√
2(108)
These explicit expressions for partition functions should allow the level-rank
duality consideration. However, it is not so straightforward as in SU(N) case and
requires further study.
6. Gopakumar-Vafa representation of SO/Sp Chern-Simons partition
functions
Now we shall deduce GV representation for Chern-Simons theory on 3d sphere
with SO/Sp gauge groups. Partition function for SO(N) is
Z =
√
S3(2N |2, 2, 2d)
S3(2|2, 2, 2d)
√
S2(2N |4, 2d)
S2(N |2, 2d) 2
−
3
4(109)
d = k +N − 2(110)
The ratio of triple sine functions was already discussed in case of SU(N) theory,
so we get for their contribution the same answer (57) with N − 1 instead of N and
(1/2) in front. The ratio of double sines gives, in the same approximation (i.e. take
into account poles of 1/(e2dx − 1), only):
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ln
√
S2(2N |4, 2d) = −
∞∑
n=1
ie
2piin(N−1)
d
4n sin
[
2pin
d
] + ...(111)
ln(S2(N |2, 2d)) = −
∞∑
n=1
ie
piin(N−1)
d
2n sin
[
pin
d
] + ...(112)
In the ratio of double sine functions only odd n contribute:
ln
√
S2(2N |4, 2d)
S2(N |2, 2d) =
∑
n=1,3,5,...
ie
piin(N−1)
d
2n sin
[
pin
d
] + ...(113)
Altogether contribution of these terms into partition function is
lnZ =
∞∑
n=1
eτn
2n (2 sin gsn2 )
2
+
∞∑
n=1,3,5,...
e
τn
2
2n sin
(
gsn
2
) −(114)
∞∑
n=1
1
2n(2 sin gsn2 )
2
+ ...(115)
gs =
2pi
d
, τ = i(N − 1)gs, d = k +N − 2(116)
which is in agreement with [12].
For Sp(N) we have
Z =
√
S3(2N + 4|2, 2, 4d)
S3(2|2, 2, 4d)
S2(N + 2|2, 4d)√
S2(2N + 4|4, 4d)
2−
1
4 + ...(117)
ln(S2(N + 2|2, 4d)) = −
∞∑
n=1
ie
piin(N+1)
2d
2n sin
[
pin
2d
] + ...(118)
ln
√
S2(2N + 4|4, 4d) = −
∞∑
n=1
ie
piin(N+1)
d
4n sin
[
pin
d
] + ...(119)
Ratio of these functions enters in partition function:
ln
S2(N + 2|2, 4d)√
S2(2N + 4|4, 4d)
= −
∞∑
n=1,3,5...
ie
piin(N+1)
2d
2n sin
[
pin
2d
] + ...(120)
Together with triple sine contribution:
ln
√
S3(2N + 4|2, 2, 4d)
S3(2|2, 2, 4d) =
∞∑
n=1
e
2piin(N+1)
2d
2n (2 sin pin2d )
2
+ ...(121)
we get
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lnZ =
∞∑
n=1
e
2piin(N+1)
2d
2n (2 sin pin2d )
2
−
∞∑
n=1,3,5...
ie
piin(N+1)
2d
2n sin
[
pin
2d
] + ... =(122)
∞∑
n=1
eτn
2n (2 sin gsn2 )
2
−
∞∑
n=1,3,5...
ie
τn
2
2n sin
[
gsn
2
] −(123)
∞∑
n=1
1
2n(2 sin gsn2 )
2
+ ...(124)
gs =
2pi
2d
, τ =
2pii(N + 1)
2d
, d = k +
N
2
+ 1(125)
where we introduce string coupling with additional (1/2) multiplier (this mul-
tiplier is often missed in literature). Comparing (114) for SO(N) and (123) for
Sp(N), and identifying string coupling and Kahler parameters as above we get the
well-known result that the only difference between SO and Sp cases is in the sign
of contribution of non-orientable worldsheets.
7. Universal character on exceptional line
In calculation of partition function according to (2) the main element is universal
character. We consider it on lines γ = k(α+ β) with natural k. k = 2 corresponds
to exceptional line Exc.
Parameterize these lines as α = z < 0, β = 1 − z > 0, γ = k(α + β) = k > 0.
There is a key identity:
f(x) = X[x, k]Z(x) + Y[x, k],(126)
Z(x) =
1
−1 + exz/2 +
1
−1 + ex(1−z)/2 ,(127)
X[x, k]=− csch[kx/4]csch[x/4] sinh[(2 + k)x/4]×(128)
1
2
(
−e−x/4 − ex/4 + e−(3+4k)x/4 + e(3+4k)x/4
)
,(129)
Y[x, k]=− csch[kx/4]csch[x/4]sinh[(2 + k)x/4](130)
1
2
(
−2e−x/4 + e−(3+4k)x/4 + e(3+4k)x/4
)
(131)
Cases k = 1, 2 are distinguished by the fact that for these k X [x, k] and Y [x, k]
are the sums of exponents, and X [x/t, k] is divisible on (−1 + ex). The function
f(x) is even, which is reflected in this representation by the following features of X
and Y :
Z(−x) = −Z(x)− 2(132)
X[−x, k] + X[x, k] = 0(133)
Y[−x, k]−Y[x, k] + 2X[x, k] = 0(134)
The values of X and Y at k = 1, 2 are following.
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k = 1:
X [x, 1] = e−2x + 2e−3x/2 + 3e−x +(135)
2e−x/2 − 2ex/2 − 3ex − 2e3x/2 − e2x(136)
X[x/2, 1]
1
−1 + ex = −e
−x
(
1 + ex/4 + ex/2
)2
=(137)
−1− e−x − 2e−3x/4 − 3e−x/2 − 2e−x/4(138)
Y[x, 1] = −1 + e−2x + 2e−3x/2 + 3e−x +(139)
e−x/2 − 3ex/2 − 3ex − 2e3x/2 − e2x(140)
k = 2:
X[x, 2] = e−3x + e−5x/2 + 2e−2x + 2e−3x/2 + 2e−x +(141)
e−x/2 − ex/2 − 2ex − 2e3x/2 − 2e2x − e5x/2 − e3x(142)
X[x/3, 2]
1
−1 + ex =(143)
−1− e−x − e−5x/6 − 2e−2x/3 − 2e−x/2 − 2e−x/3 − e−x/6(144)
Y[x, 2] = e−3x + e−5x/2 + 2e−2x + 2e−3x/2 +(145)
2e−x − 2ex/2 − 2ex − 2e3x/2 − 2e2x − e5x/2 − e3x(146)
8. Partition function of Chern-Simons theory on exceptional line as
ratio of double sine functions
For connection with double sine function the antisymmetry of X(x) is important.
We write
X [x, k] =
∑
p
cp(e
−
p
2 x − e p2x)(147)
Y [x, k] = −δk,1 − (e− 12x + e 12x) +
∑
p
cp(e
−
p
2 x − e p2x)(148)
with integer cp and p=1,...2(k+1).
For k = 1 cp = 2, 3, 2, 1 , for p = 1, 2, 3, 4, respectively, and for k = 2 cp =
1, 2, 2, 2, 1, 1, for p = 1, ..., 6, respectively. Note that we use the same notation for
two different sequences. Hopefully, it is easy to identify what case - k = 1 or k = 2
- we are dealing with.
We have to put expression for f(x) into expression for partition function (2).
Since for k = 1, 2 X(x/t, k) is divisible on (−1 + ex), the double gamma functions
will appear from the X(x/δ) terms, only.
So, ”typical” term from X is
cp(e
−px/2δ − epx/2δ) 1
(−1 + ezx/2δ)(−1 + ex)(149)
As on classical lines, each such term, considered to be integrated over x from
0 to infinity, give rise to main term in integral representations [27] of logarithms
of Barnes’ multiple gamma function. ”Multiple” here corresponds to double and
uniple.
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The gamma functions corresponding to typical term of X above are (one minus
is coming from denominators, another one from connection between free energy and
partition function):
(
Γ2(
p
2δ + 1|1,− z2δ )
Γ2(− p2δ + 1|1,− z2δ )
)cp
(150)
We assume δ large enough so that 1 > p/2δ.
Next, use the recurrent relations for gamma functions:
Γ2(
p
2δ
+ 1|1,− z
2δ
) = Γ2(
p
2δ
|1,− z
2δ
)/Γ1(
p
2δ
| − z
2δ
)(151)
Γ2(− p
2δ
+ 1|1,− z
2δ
) = Γ2(− p
2δ
+ 1− z
2δ
|1,− z
2δ
)Γ1(− p
2δ
+ 1|1)(152)
and get instead of above:
(
Γ2(
p
2δ |1,− z2δ )
Γ2(− p2δ + 1− z2δ |1,− z2δ )Γ1(− p2δ + 1|1)Γ1( p2δ | − z2δ )
)cp
=(153)
(
1
S2(
p
2δ |1,− z2δ )Γ1(− p2δ + 1|1)Γ1( p2δ | − z2δ )
)cp
(154)
i.e. we get a double sine function (38) instead of two double gamma function.
Another term in product is coming from the second term with X , i.e. with
y = (1 − z) instead of z. Since y is positive at negative z, one have to multiply on
exp((1 − z)x/2δ), and also have one minus sign less. Then contribution is:
cp(e
−
px
2δ − e px2δ ) 1
(−1 + e yx2δ )(−1 + ex)(155)
(
Γ2(− p2δ + y2δ + 1|1, y2δ )
Γ2(
p
2δ +
y
2δ + 1|1, y2δ )
)cp
(156)
By recurrence relations:
Γ2(
p
2δ
+
y
2δ
+ 1|1, y
2δ
) =
Γ2(
p
2δ |1, y2δ )Γ0( p2δ )
Γ1(
p
2δ | y2δ )Γ1( p2δ |1)
(157)
we get for this contribution
(
Γ2(− p2δ + y2δ + 1|1, y2δ )
Γ2(
p
2δ +
y
2δ + 1|1, y2δ )
)cp
=(158)
(
S2(
p
2δ |1, y2δ )Γ1( p2δ | y2δ )Γ1( p2δ |1)
Γ0(
p
2δ )
)cp
(159)
where
Γ0(w) = 1/w(160)
So, double sine multiplier of partition function is:
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A0 =
∏
p
(
S2(
p
2δ |1, y2δ )
S2(
p
2δ |1,− z2δ )
)cp
(161)
Remaining (from above) multiplyers (mainly uniple gamma functions) are A1
from (154) and A2 from (159)
A1 =
∏
p
(
Γ1(
p
2δ | y2δ )Γ1( p2δ |1)
Γ0(
p
2δ )
)cp
(162)
A2 =
∏
p
(
1
Γ1(− p2δ + 1|1)Γ1( p2δ | − z2δ )
)cp
(163)
Slightly regrouping multipliers, introduce B1, B2 instead of A1, A2 :
B1 =
∏
p
(
Γ1(
p
2δ | y2δ )
Γ1(
p
2δ | − z2δ )
)cp
(164)
B2 =
∏
p
(
Γ1(
p
2δ |1)
Γ1(− p2δ + 1|1)Γ0( p2δ )
)cp
(165)
B1B2 = A1A2(166)
Next let’s combine all Γ1 functions, appearing both from X (above and from
f(x/t)) and Y , see below, sources. We also shall explicitly note minus signs, ap-
pearing from different sources, to make easier follow calculations.
Terms from Y from terms f(x/δ) are (one minus is coming from definition of
free energy, no other minus signs):
A3 = Γ1(1|1)δk,1Γ1( 1
2δ
+ 1|1)Γ1(− 1
2δ
+ 1|1)×(167)
∏
p
(
Γ1(− p2δ + 1|1)
Γ1(
p
2δ + 1|1)
)cp
(168)
Next we have to take into account terms coming from f(x/t). We write the key
identity for f(x/t) and divide on (−1 + ex). Note that t = k + 1 on our lines.
f[x/(k + 1), z, k]
−1 + ex =(169)
X[x/(k + 1), k]
−1 + ex
(
1
−1 + exz/2(k+1) +
1
−1 + ex(1−z)/2(k+1)
)
+(170)
Y[x/(k + 1), k]
−1 + ex(171)
Here terms X and Y are not convergent, under integral sign, at upper limit
separately. We add to this the l.h.s. of identity below:
1
−1 + ezx/2(k+1) + 1−
ezx/2(k+1)
−1 + ezx/2(k+1) = 0(172)
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and combine terms as:(
X[x/(k + 1), k]
−1 + ex + 1
)
1
−1 + exz/2(k+1) +(173)
X[x/(k + 1), k]
−1 + ex
1
−1 + ex(1−z)/2(k+1) +(174) (
Y[x/(k + 1), k]
−1 + ex + 1
)
− e
zx/2(k+1)
−1 + ezx/2(k+1)(175)
Now all four terms are convergent on upper limit, and we can transform them
separately into gamma functions. Note that the ratio X[x/(k + 1), k]/(−1 + ex) is
equal to (for k = 1, 2):
X[x/(k + 1), k]/(−1 + ex) = −1−
∑
p
cpe
−
px
2(k+1)(176)
We add 1 to this expression and ensure convergence of integral, which appears to
be equal to (three minus signs appear - from denominator, minus in front of f(x/t)
and from definition of free energy):
A4 =
∏
p
(
Γ1
(
p
2(k + 1)
| −z
2(k + 1)
))cp
(177)
Second term withX gives (two minuses, since one minus less, from denominator):
A5 =
1
Γ1(
(1−z)
2(k+1) | (1−z)2(k+1) )
∏
p

 1
Γ1(
p
2(k+1) +
(1−z)
2(k+1) | (1−z)2(k+1) )


cp
(178)
Third term, with Y , (two minuses)):
A6 =
Γ1(2|1)
Γ1(1|1)δk,1
(
1
Γ1(1− 12(k+1) |1)Γ1(1 + 12(k+1) |1)
)
(179)
2k+1∏
p=1
(
Γ1(1 +
p
2(k+1) |1)
Γ1(1− p2(k+1) |1)
)cp
(180)
Here we particularly use c2(k+1) = 1, both for k = 1 and k = 2.
Finally, the last, fourth term receives minus from free energy definition, has
minus in front, minus from denominator and minus in front of f :
A7 = Γ1(− z
2(k + 1)
| − z
2(k + 1)
)(181)
Now we shall combine all multipliers. A lot of cancellations take place in product
B2A3:
B2A3 = Γ1(1|1)Γ1(1− 1
2δ
|1)Γ1(1 + 1
2δ
|1) =(182)
1
4
√
2piδ sin pi2δ
(183)
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At last line we use (26). Next consider product of B1, A4 and A5. We use (26)
again and get:
B1A4A5 =
√
2pi
2(k + 1)
y
∏
p
(
Γ0(
p
2(k + 1)
)
)cp (k + 1
δ
)∑ pcp
yz
(184)
Next, A7 is:
A7 = Γ1(− z
2(k + 1)
| − z
2(k + 1)
) =
√ −z
2(k + 1)2pi
(185)
So, product B1A4A5A7 is:
B1A4A5A7 =
√−z
y
∏
p
(
Γ0(
p
2(k + 1)
)
)cp (k + 1
δ
)∑ pcp
yz
(186)
where
∑
p pcp = 18 for k = 1 and
∑
p pcp = 30 for k = 2.
So, interestingly, all uniple gamma functions cancel, only double sine functions
remain, up to explicit elementary functions of z, δ, and numerical multipliers. The
final answer for partition function is:
Z =
(
k + 1
δ
) dim
2
A0A1A2A3A4A5A6A7 =(187)
(
k + 1
δ
) dim
2
A0B1B2A3A4A5A6A7 =(188)
(
k + 1
δ
) dim
2 ∏
p
(
S2(
p
2δ |1, y2δ )
S2(
p
2δ |1,− z2δ )
)cp
× 1
4
√
2piδ sin pi2δ
×(189)
√−z
y
∏
p
(
Γ0(
p
2(k + 1)
)
)cp (k + 1
δ
)∑ pcp
yz
A6 =(190)
(
k + 1
δ
)− 2+k2k 1
δ sin pi2δ
√−z
y
∏
p
(
S2(
p
2δ |1, y2δ )
S2(
p
2δ |1,− z2δ )
)cp
Q(191)
Q =
1
4
√
2pi
∏
p
(
Γ0(
p
2(k + 1)
)
)cp
A6(192)
where finally we separate numerical coefficient Q and parameter-dependent part.
Calculating numerical coefficient, for exceptional line (k = 2) answer is
Z =
1
4pi sin pi2δ
√−z
y
∏
p
(
S2(
p
2δ |1, y2δ )
S2(
p
2δ |1,− z2δ )
)cp
(193)
For k = 1 line answer is:
Z =
√
δ
2
√
2pi sin pi2δ
√−z
y
∏
p
(
S2(
p
2δ |1, y2δ )
S2(
p
2δ |1,− z2δ )
)cp
(194)
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Comparison of k = 1 and k = 2 cases hints that they are constructed from the
building blocks given above at p = 1, 2, ...
9. Gopakumar-Vafa form of Chern-Simons theory on exceptional line.
Following [8] (see also [28, 29, 35, 36]) we use the integral representation for
(logarithm of) the double sine as an integral over entire real axis, with pole at zero
point bypassing from above, and next close the contour of integration in upper
semiplane and obtain a product representation of double sine.
Considered multiplier of partition function is
A0 =
∏
p
(
S2(
p
2δ |1, y2δ )
S2(
p
2δ |1, −z2δ )
)cp
(195)
According to [8]
S2(a|b1, b2) = exp
(
pii
2
B22(a|b1, b2) +
∫
R+i0
dx
x
eax
(eb1x − 1)(eb2x − 1)
)
(196)
B22(a|b1, b2) = a
2
b1b2
− ab1 + b2
b1b2
+
b21 + b
2
2 + 3b1b2
6b1b2
(197)
Evaluating integral by closing contour in upper semiplane, we get (take already
b1 = 1, b2 = b > 0)
∫
R+i0
dx
x
eax
(ex − 1)(ebx − 1) =
∞∑
n=1
1
n
(
e2piina
e2piinb − 1 +
e2piina/b
e2piin/b − 1
)
(198)
Consequently, for two multipliers in A0 we get contributions into free energy∑
p
∞∑
n=1
cp
n
(
e2piin
p
2δ
e2piin
−z
2δ − 1
+
e2piin
p
−z
e2piin
2δ
−z − 1
)
(199)
and
−
∑
p
∞∑
n=1
cp
n
(
e2piin
p
2δ
e2piin
1−z
2δ − 1
+
e2piin
p
1−z
e2piin
2δ
1−z − 1
)
(200)
Let’s introduce the string coupling constant according to usual formula
gs =
2pi
d
(201)
where d is δ in minimal normalization, when the only negative one of Vogel’s param-
eter’s is equal to -2, see Table 1. Connection of our parametrization with minimal
one can be established by multiplying former on (−2/z):
(α, β, γ, δ) = (−2,−2(1− z)/z,−2k/z,−2δ/z)(202)
d = (−2δ/z)(203)
Then
gs = −piz
δ
(204)
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Put this into the first term in (199):
∑
p
∞∑
n=1
cp
2ni
e
nτp
2
sin(ngs2 )
(205)
τp = −igs(1 + 2p
z
)(206)
or, introducing parametrization of our two lines (−2, N + 2, kN), k = 1, 2 and
correspondingly z = −2/N :
∑
p
∞∑
n=1
cp
2ni
e
nτp
2
sin(ngs2 )
(207)
τp = igs(pN − 1)(208)
This has the form of contribution of non-orientable surfaces into free energy
of topological strings with coupling gs, τp values of parameters of manifold after
geometric transition, Gopakumar-Vafa integer invariant’s values cp and other in-
variants equal to zero. See, e.g. [12, 13, 14]. The only difference is that here the
sum is over all positive values of n, while in [12, 13, 14] sum is over odd positive
values of n. The absence of terms (of type 1/sin2) with Euler characteristics of
manifold can signal that it is zero.
However, there is another contribution of poles of 1/(ex − 1), given in the first
term in (200). It coincides, up to the sign, with (205), provided we change (−z)
on (1 − z), i.e. introduce another string coupling and parameters of Calaby-Yau
manifold:
−
∑
p
∞∑
n=1
cp
2ni
e
nτ˜p
2
sin(ng˜s2 )
(209)
g˜s =
pi(1 − z)
δ
, τ˜p = −ig˜s(1− 2p
1− z )(210)
According to this one can assume that partition function on Exc line (and sim-
ilarly on F line) is the product of two partition functions of two strings on two
Calaby-Yau manifolds, with opposite GV invariants and Euler characteristics, and
different parameters, given above. Otherwise, leaving one string, one should be able
to present additional terms (209) in GV form with initial string coupling (204). This
problem requires further investigation, particularly, string representation of other
quantities, besides partition function, should be studied.
10. Universal Chern-Simons partition function as ratio of quadruple
sine functions.
Consider full universal partition function of Chern-Simons theory on 3d sphere,
expressed in terms of quadruple Barnes’ gamma functions [7]:
Z =
Γ4(w1)Γ4(w2)Γ4(w3)Γ4(w7)
Γ4(w4)Γ4(w5)Γ4(w6)Γ4(w8)
Γ4(v4)Γ4(v5)Γ4(v6)Γ4(v8)
Γ4(v1)Γ4(v2)Γ4(v3)Γ4(v7)
(211)
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where (positive) parameters of gamma functions with arguments wi are−α, β, γ, 2δ,
those for gamma functions with arguments vi are −α, β, γ, 2t, arguments wi and
vi = wi|δ=t are:
w1 = 2δ − 2α,(212)
w2 = 2δ − α− β,(213)
w3 = 2δ − α− γ,(214)
w4 = 2δ + α+ β + γ,(215)
w5 = 2δ + 2β + γ,(216)
w6 = 2δ + β + 2γ,(217)
w7 = 2δ + 2α+ 3β + 3γ,(218)
w8 = 2δ − 3α− 2β − 2γ,(219)
v1 = 2t− 2α,(220)
v2 = t+ γ,(221)
v3 = t+ β,(222)
v4 = 3t,(223)
v5 = 2t+ 2β + γ,(224)
v6 = 2t+ β + 2γ,(225)
v7 = 5t− α,(226)
v8 = −α,(227)
There are relations
Γ4(w1)
Γ4(w4)
=
Γ4(w1)Γ3(α+ β + γ| − α, β, γ)
Γ4(α+ β + γ)
=(228)
= S4(α+ β + γ)Γ3(α+ β + γ)(229)
Γ4(w2)
Γ4(w5)
= S4(2β + γ)Γ3(2β + γ)(230)
Γ4(w3)
Γ4(w6)
= S4(β + 2γ)Γ3(β + 2γ)(231)
Γ4(w7)
Γ4(w8)
= (S4(2α+ 3β + 3γ)Γ3(2α+ 3β + 3γ))
−1
(232)
Same relations are valid with δ → t. When inserting them into expression for Z
all triple gamma functions cancel and we get:
Z =
S4(α+ β + γ| − α, β, γ, 2δ)S4(2β + γ| − α, β, γ, 2δ)S4(β + 2γ| − α, β, γ, 2δ)
S4(2α+ 3β + 3γ| − α, β, γ, 2δ)
×(233)
S4(2α + 3β + 3γ| − α, β, γ, 2t)
S4(α+ β + γ| − α, β, γ, 2t)S4(2β + γ| − α, β, γ, 2t)S4(β + 2γ| − α, β, γ, 2t)
(234)
This representation differs qualitatively from what we have for classical and
exceptional lines in previous sections, since second fraction doesn’t depend from
coupling constant and depends from groups, only. Nevertheless, we assume that it is
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possible, both for classical and exceptional lines, directly transform this expression
into those given above.
For an arbitrary point in Vogel’s plane this expression can be further transformed
into GV type representation, which, however, will have cube of sine functions in
denominator, i.e. will differ from original GV structure. It is an open question
whether that formulae are interpretable as some ”universal topological string”.
11. Conclusion
We show, that partition function of Chern-Simons theory on 3d sphere for dif-
ferent gauge groups can be expressed in terms of multiple sine function. It follows
from universal expression for partition function derived in [1] as a function of Vo-
gel’s universal parameters. Exact expressions for classical lines (i.e. for gauge
groups SU(N), SO(N), Sp(N) with arbitrary N) allow further discussion of their
relations, level-rank duality, etc. Most important feature or representation in terms
of multiple sine functions is an immediate derivation of Gopakumar-Vafa form of
partition function and hence a gauge/string duality and corresponding geometri-
cal transition. The similar representation of partition function on an exceptional
line (the line in Vogel’s plane containing exceptional groups) in terms of double
sine function (which is essentially the modular quantum dilogarithm) leads to a
gauge/string duality hypothesis for an exceptional gauge groups. Particularly, this
leads to values of GV integers for manifold after geometric transition. For complete
proof of hypothesis one have to identify the manifold, understand the interpreta-
tion of further terms and appearance of even multicoverings, as well as present the
string interpretation of other gauge-invariant quantities.
It is interesting to consider an invariant volume of groups from [1] (which is
essentially Z1 with appropriate choice of δ) on exceptional line. This can be inter-
preted as a generalization of matrix models [37] to exceptional groups. As shown
by Ooguri and Vafa [38], expansion of invariant volume on classical lines over 1/N
has coefficients which are virtual Euler characteristics of moduli space of surfaces of
genus g with few crosscaps. In exceptional case one may show (in preparation) that
similar expansion of volume on exceptional line has as n-th coefficients the sum of
ζ(n)/n and Bernoulli numbers with integer and rational coefficients, respectively
(here ζ is Riemann’s zeta function). One should further connect these values to
characteristics of moduli space of Riemann surfaces.
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